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Abstract
Let W denote a linear space over a fixed field F. We define the no-
tions of weak ISP -system and weak (u, v)-system S = {(Ui, Vi) : 1 ≤
i ≤ m} of subspaces of W . We give upper bounds for the size of weak
ISP -systems and weak (u, v)-systems.
Keywords. q-binomial coefficient, Bolloba´s Theorem, extremal set
theory
1 Introduction
First we recall the notion of q-binomial coefficients.
The q-binomial coefficient
[
n
m
]
q
is a q-analog for the binomial coefficient,
also called a Gaussian coefficient or a Gaussian polynomial. The q-binomial
coefficient is given by
[ n
m
]
q
:=
[n]q!
[n−m]q! · [m]q!
(1)
for n,m ∈ N, where [n]q! is the q-factorial (see [3], p. 26)
[n]q! := (1 + q) · (1 + q + q
2) · · · (1 + q + q2 + . . .+ qn−1).
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Clearly we have
[
n
k
]
q
=
[
n
n−k
]
q
. If we substitute q = 1 into (1), then this
substitution reduces this definition to that of binomial coefficients.
Bolloba´s proved in [1] the following two remarkable results in extremal
combinatorics.
Theorem 1.1 Let A1, . . . Am and B1, . . . Bm be finite sets satisfying the con-
ditions
(i) Ai ∩ Bi = ∅ for each 1 ≤ i ≤ m;
(ii) Ai ∩ Bj 6= ∅ for each i 6= j (1 ≤ i, j ≤ m).
Then
m∑
i=1
1(
|Ai|+|Bi|
|Ai|
) ≤ 1.
Theorem 1.2 Let A1, . . . Am be r-element sets and B1, . . . Bm be s-element
sets such that
(i) Ai ∩ Bi = ∅ for each 1 ≤ i ≤ m;
(ii) Ai ∩ Bj 6= ∅ for each i 6= j (1 ≤ i, j ≤ m).
Then
m ≤
(
r + s
s
)
.
Tuza proved the following two versions of Bolloba´s Theorem.
Theorem 1.3 Let p be an arbitrary real number, 0 < p < 1 and t := 1− p.
Let A1, . . . Am and B1, . . . Bm be finite sets satisfying the conditions
(i) Ai ∩ Bi = ∅ for each 1 ≤ i ≤ m;
(ii) Ai ∩ Bj 6= ∅ or Aj ∩Bi 6= ∅ for i 6= j (1 ≤ i, j ≤ m).
Then
m∑
i=1
p|Ai|t|Bi| ≤ 1.
Theorem 1.4 Let A1, . . . Am be r-element sets and B1, . . . Bm be s-element
sets satisfying the conditions
2
(i) Ai ∩ Bi = ∅ for each 1 ≤ i ≤ m;
(ii) Ai ∩ Bj 6= ∅ or Aj ∩Bi 6= ∅ for i 6= j (1 ≤ i, j ≤ m).
Then
m ≤
(r + s)r+s
rrss
.
Z. Tuza raised in [6] the following question: Let a, b be fixed positive
integers. Determine the largest integer m := m(a, b) such that there exists
a system S = {(Ai, Bi) : 1 ≤ i ≤ m} of m(a, b) pairs of sets satisfying the
conditions:
(i) A1, . . . Am are r-element sets and B1, . . . Bm are s-element sets;
(ii) Ai ∩ Bi = ∅ for each 1 ≤ i ≤ m;
(iii) Ai ∩ Bj 6= ∅ or Aj ∩Bi 6= ∅ for i 6= j (1 ≤ i, j ≤ m).
Tuza proved the following properties of the numbers m(a, b) in [6].
Proposition 1.5 m(a, 1) = 2a + 1 for each a ≥ 1. For every a, b,≥ 1
m(a, b) ≥ m(a, b− 1) +m(a− 1, b).
Proposition 1.5 gives a lower bound for m(a, b) near to 2
(
a+b
a
)
for every a
and b.
Lova´sz used in [4] tensor product methods to prove the following skew
version of Bolloba´s’ Theorem for subspaces.
Theorem 1.6 Let F be an arbitrary field. Let U1, . . . Um be r-dimensional
and V1, . . . Vm be s-dimensional subspaces of a linear space W over the field
F. Assume that
(i) Ui ∩ Vi = {0} for each 1 ≤ i ≤ m;
(ii) Ui ∩ Vj 6= {0} whenever i < j (1 ≤ i, j ≤ m).
Then
m ≤
(
r + s
r
)
.
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In this paper our main aim is to give a subspace version of Theorem 1.3
and 1.4.
The following definitions were motivated by Theorem 1.4 and 1.6.
Definition 1.7 Let F be a fixed field. We say that a system S = {(Ui, Vi) : 1 ≤
i ≤ m} is a weak ISP -system of subspaces of an n-dimensional linear space
W over the field F, if S satisfies the following conditions:
(i) Ui ∩ Vi = {0} for each 1 ≤ i ≤ m;
(ii) Ui ∩ Vj 6= {0} or Uj ∩ Vi 6= {0} for i 6= j (1 ≤ i, j ≤ m).
Definition 1.8 Let F be a fixed field. We say that a system S = {(Ui, Vi) : 1 ≤
i ≤ m} of subspaces of a linear space W over the field F is a weak (u, v)-
system, if S satisfies the conditions
(i) S is a weak ISP -system;
(ii) dim(Ui) = u and dim(Vi) = v for each 1 ≤ i ≤ m.
Our main results are upper bounds for the size of weak ISP -systems and
weak (u, v)-systems.
Theorem 1.9 Let S = {(Ui, Vi) : 1 ≤ i ≤ m} be a weak ISP -system of
subspaces of a linear space W over the finite field Fq. Let ui := dim(Ui) and
vi := dim(Vi) for each 1 ≤ i ≤ m. Let 0 ≤ j ≤ n be an arbitrary, but fixed
integer. Then we have
m∑
i=1
[
n−vi−ui
j−ui
]
q
q(j−ui)vi[
n
j
]
q
≤ 1.
Theorem 1.10 Let S = {(Ui, Vi) : 1 ≤ i ≤ m} be a weak (u, v)-system of
subspaces of an n-dimensional linear space W over the finite field Fq. Then
m ≤
(
q
q − 1
)n
quv.
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2 Proofs of our main results
In the proof of our main results we use the following bounds for the q-binomial
coefficients.
Lemma 2.1 Let 0 ≤ j ≤ n be natural numbers. Then[n
j
]
q
≤
( q
q − 1
)n
qj(n−j).
Proof. This follows immediately from the inequalities
q(
n
2
) ≤ [n]q! ≤
( q
q − 1
)n
q(
n
2
).
We use also in the proof of Theorem 1.9 the following simple Lemma (see
Lemma 2.2 in [8]).
Lemma 2.2 Let V denote the n-dimensional vector space over the finite field
Fq and fix an (n−d)-dimensional subspace K of V , where 0 ≤ d ≤ n. Let U1
be a fixed ℓ1-subspace of V such that U1 ∩K = {0}. Let u(n, d; ℓ1, ℓ2) denote
the number of ℓ2-subspaces U2 of V satisfying U2 ∩ K = {0} and U1 ⊆ U2.
Then
u(n, d; ℓ1, ℓ2) =
[
d
ℓ2
]
q
[
ℓ2
ℓ1
]
q
q(ℓ2−ℓ1)(n−d)[
d
ℓ1
]
q
.
Proof of Theorem 1.9:
Let 1 ≤ i ≤ m, 0 ≤ j ≤ n be fixed integers. Let F(i, j) denote the
following subset of subspaces of W :
F(i, j) := {U ≤ W : dim(U) = j, Ui ⊆ U, Vi ∩ U = {0}}.
Then it follows immediately from Lemma 2.2 that
|F(i, j)| =
[
n−vi
j
]
q
[
j
ui
]
q
q(j−ui)vi[
n−vi
ui
]
q
.
for each 0 ≤ j ≤ n.
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Lemma 2.3 Let 0 ≤ j ≤ n be fixed. Let 1 ≤ i1 < i2 ≤ m be two indices.
Then
F(i1, j) ∩ F(i2, j) = ∅.
Proof. We can prove this statement by an indirect argument. Suppose that
there exist two indices 1 ≤ i1 < i2 ≤ m such that F(i1, j)∩F(i2, j) 6= ∅. Let
U ∈ F(i1, j) ∩ F(i2, j) be an arbitrary, but fixed subspace. Then Ui1 ⊆ U
and Vi1 ∩ U = {0}. Similarly Ui2 ⊆ U and Vi2 ∩U = {0}. Hence we get that
Ui1 ∩ Vi2 = {0}
and
Ui2 ∩ Vi1 = {0},
which gives a contradiction, because S = {(Ui, Vi) : 1 ≤ i ≤ m} is a weak
(u, v)-system of subspaces of the linear space W .
In the following let 0 ≤ j ≤ n be a fixed integer.
It follows from Lemma 2.3 that
m∑
i=1
|F(i, j)| = |
m⋃
i=1
F(i, j)| ≤
[n
j
]
q
,
because F(i, j) ⊆ {U ≤ W : dim(U) = j}. Hence
m∑
i=1
[
n−vi
j
]
q
[
j
ui
]
q
q(j−ui)vi[
n−vi
ui
]
q
≤
[n
j
]
q
(2)
But it is easy to verify that
[
n−vi
j
]
q
[
j
ui
]
q[
n−vi
ui
]
q
=
[n− vi − ui
j − ui
]
q
,
hence it follows from inequality (2) that
m∑
i=1
[n− vi − ui
j − ui
]
q
q(j−ui)vi ≤
[n
j
]
q
,
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which was to be proved.
Proof of Theorem 1.10: If S = {(Ui, Vi) : 1 ≤ i ≤ m} is a weak
(u, v)-system of subspaces of the linear space W , then ui = dim(Ui) = u and
vi = dim(Vi) = v for each 1 ≤ i ≤ m. It follows from Theorem 1.9 that
m∑
i=1
[
n−u−v
j−u
]
q
q(j−u)v[
n
j
]
q
≤ 1
for each 1 ≤ j ≤ n. Let j := n− v. This choice implies that
m∑
i=1
q(n−v−u)v[
n
v
]
q
≤ 1.
It follows from Lemma 2.1 that
m∑
i=1
q(n−v−u)v(
q
q−1
)n
qv(n−v)
≤ 1.
But then
m
q−uv(
q
q−1
)n ≤ 1,
which was to be proved.
3 Concluding remarks
We can raise the following natural question: Let u, v be fixed positive inte-
gers. Let F be a fixed field. Determine the largest integer t := t(u, v) such
that there exists a weak (u, v)-system S = {(Ui, Vi) : 1 ≤ i ≤ t} of t(u, v)
pairs of subspaces of an n-dimensional linear space W over the field F .
If F is the finite field Fq, then we proved in Theorem 1.10 that
t(u, v) ≤
(
q
q − 1
)n
quv.
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On the other hand, it is easy to verify the lower bound m(u, v) ≤ t(u, v).
Namely let {e1, . . . , en} denote a fixed basis of the n-dimensional linear space
W over F. By the definition of the number m(u, v) there exists a system
S = {(Ai, Bi) : 1 ≤ i ≤ m(u, v)} of m(u, v) pairs of sets satisfying the
conditions:
(i) A1, . . . Am are u-element sets and B1, . . . Bm are v-element sets;
(ii) Ai ∩ Bi = ∅ for each 1 ≤ i ≤ m;
(iii) Ai ∩ Bj 6= ∅ or Aj ∩Bi 6= ∅ for i 6= j (1 ≤ i, j ≤ m).
Define the generated subspaces Ui := 〈{ek : k ∈ Ai}〉 and Vi := 〈{el : l ∈
Bi}〉 for each 1 ≤ i ≤ m(u, v).
Then it is easy to verify that the system S = {(Ui, Vi) : 1 ≤ i ≤ m(u, v)}
of m(u, v) pairs of subspaces is a weak (u, v)-system.
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